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Estimates of higher-order light shifts of clock levels in a lattice-based 
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Polarization effects on the hyperpolarizability of clock levels in atoms 
confined to an optical lattice.
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Hyperpolarizabilities of Sr atoms in a lattice with a blue magic
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Influence of M1 and E2 effects of atom-lattice interaction on atomic 
motion-dependent uncertainties of the clock frequency.
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Possible ways to eliminate the motion-dependent uncertainties of 
atomic clocks.
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Stark-free (magic wavelength) 
lattice conditions:
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Clock
transition

Typical scheme of the lowest energy levels in alkaline-
 earth-like atoms (Be, Mg, Ca, Sr, Ba, Zn, Cd, Yb, Hg)

•

 

The direct access from 
the ground state to the 
metastable  state, 
enabled in fermion 
isotopes by the 
hyperfine interaction, is 
strictly forbidden in 
boson isotopes.

•

 

The bypass transitions 
may populate the 
metastable level.
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Isotope abundance
Even isotopes

 
(J=0)     Odd isotopes  (J≠0)

24,26Mg:  90%
 

25Mg:  10% (J=5/2)
40→48Ca:

 
98.7%

 
43Ca:  1.3% (J=7/2)

84,86,88Sr:
 
93%

 
87Sr:   7% (J=9/2)

168→176Yb:  73%        171,173Yb:  27% (J=1/2, 5/2)
196→204Hg: 69.8%     199,201Hg: 30.2% (J=1/2,3/2)
106→116Cd: 75%

 
111,113Cd: 25%     (J=1/2)

64→70Zn:
 
95.9%

 
67Zn: 4.1%  (J=5/2)  



2. The use of a circularly polarized wave for boson isotopes
•

 

A wave with circular polarization may be used for mixing the resonant  state to the 
metastable state ( )( , ) Re( )i tt E e   krE r e
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The wave with              may mix the resonant         state to

 

the metastable state         ,

thus inducing the clock transition                        . 

NB: A wave with circular polarization may be replaced by two waves of equal (magic) 
frequency with different linear polarizations, as e.g. in a 2D or 3D optical lattice.
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is  the ratio of the smaller and major axes of the polarization ellipse,
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The linear    and circular      polarization degrees: l 



Second-order Stark  shift and mixing of multiplet sublevels 
is described by the matrix element
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This mixing of the          state to the clock state            will enable the clock transition, the probability of which 

is determined by the

 

non-zero radiation transition amplitude (the Rabi frequency)
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In the lattice of the magic wavelength the following field-dependent uncertainties

 
still remain:

3. Estimates of the field-induced uncertainties

― the net polarizability of the clock levels at the clock frequency;

― the net hyperpolarizability at the lattice (magic)   frequency.



In calculating polarizabilities and hyperpolarizabilities of the

 

clock levels the quasi-

 energy approach was used with the Green function in the model potential method for 
describing the atomic wave functions in the single-electron approximation. In this 
approach, for example, the hyperpolarizability of            ground state in alkaline-earth-

 like atom may be presented as a combination of the fourth-order radial matrix 
elements
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where

as follows:
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To simplify further considerations, the following notations for the hyperpolarizability 
may be introduced:
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where            is measured in                              and

 

gives the Stark shift of the 
standard (clock) frequency, quadratic in the lattice light intensity    :  

( )  2 2/( / )Hz kW cm

whereas             is measured in atomic units and determines the 4th-order (in electric 
field) Stark shift of an atomic level

 

:
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In contrast with polarizabilities of a spin-less state (J=0), the hyperpolarizabilities 
are the wave-polarization-dependent functions, as was evident in the preceding 
slide from the fact that                            . ( ) ( )l c   

4. Polarization effects on the hyperpolarizability
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where                                                           is the net hyperpolarizability of the clock 
frequency for the linear (circular) polarization of the lattice wave. 

An important feature of the polarization dependence may appear and may be used to 
control and even to eliminate the lattice hyperpolarizability effects on the clock 
frequency, when                   and                strongly differ from each other, specifically 
when they  have opposite signs at a magic wavelength. In this case the equality may 
hold           
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The general dependence on the circular polarization degree      may be 
presented as follows:
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(a) Atoms are trapped near the nodes of the lattice standing wave. (b) Stark shifts of the metastable (solid 
red) and ground-state (dashed blue) levels of Sr atoms as a function of the lattice wavelength. 

5.



As is seen from the picture, there are two possible candidates for the blue magic 
wavelength,                             and                     . In both cases the energy of 
two photons exceeds the ionization potentials for the ground-state and the 
metastable levels. Therefore, the hyperpolarizabilities of the clock levels are 
complex quantities, 

the imaginary parts of which determine the two-photon ionization rate for atoms 
trapped in the lattice. 

Since the atoms locate near the standing-wave nodes, the higher-order effects 
are significantly reduced in comparison with the case of the red-shifted magic 
wavelength.
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Real (a) and imaginary (b) parts of the net hyperpolarizability calculated near 
the blue magic wavelengths                                 and 1 390bm nm  2 360bm nm 

bm1bm2



6.  Atomic motion-sensitive uncertainties caused by M1 
and E2 atom-lattice interaction



Rather simple considerations on the basis of the

 

Maxwell

 

curl equation
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makes evident the difference between spatial distributions of electric and 
magnetic fields in a standing wave of an optical lattice. I.e., if
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Then the interaction with an optical lattice field of an atom, which 
locates near the lattice-wave node, is determined by the operator 
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the coordinate z determines the departure of the atomic nucleus from 
the lattice node.
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are the electric-dipole, electric quadrupole and magnetic-dipole operators, 
correspondingly. So the atom trapped in the vicinity of the node

 

of a lattice 
with a blue magic wavelength moves in an oscillator-type potential
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The frequency of the trapped atom oscillatory motion is determined by a 
combination of E1, M1 and E2 polarizabilities
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which should be equalized for atom in its ground and excited states by 
determining the magic wavelength so as to make the clock frequency 
independent of the oscillator state. This implies the redefinition of the 
magic wavelength to make the optical lattice clock insensitive to the atomic 
motion.
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Data of numerical calculations for Sr atoms 

• “blue magic” wavelength ;

• electric dipole polarizability a.u.

• vibration frequency of atom in oscillator potential well

• the oscillator potential depth

i.e. at the laser intensity the potential depth is sufficient 

for trapping atoms with thermal energy of                 in oscillator states with 

vibration quantum numbers .

• total M1-E2 polarizability a.u.  

and                                a.u., so the clock frequency uncertainty will be          

(for the intensity in                     )

389.9bm nm 

1( ) 500E m   

( ) 2
0 / 74.88 / / .e g I kHz kW cm   

2
0 / 93.8 /( / )U I kHz kW cm

0,1, 2n 
1 K

3
0 4 4( .006 1.70) 10 1.71 10P

mq        
1

0 40.90 10S
mq   

( 1/ 2) 6.06 15.2 .mq n I I mHz      
The linear term comes from the difference of the potential bottoms determined by 

the clock-level M1-E2 polarizabilities.

2/kW cm

24 /I kW cm



Conclusions
•

 
1. The field-induced effects on the clock frequency 
restrict fractional uncertainties of the optical lattice to an 
order of 10-17

 

―10-18.
•

 
2. The less damaged by the higher-order effects is the 
clock on the lattice with the blue magic wavelength.

•
 

3. The higher multipole
 

effects introduce atomic-motion-
 dependent uncertainties.

•
 

4. The motion-insensitive lattice may be constructed in a 
2D or 3D version, or alternatively, by redefinition of the 
magic wavelength which reduces automatically the 
motion-dependent shifts to measurable and controllable  
motion-independent corrections.



Thank you for attention!
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